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abstract 

We study non perturbative superpotentials for A/" = 1 Super Yang Mills from the point 
of view of large dualities. Starting with open topological strings we work out the relation 
between the closed string sector tadpole and NSNS fluxes in the closed string dual on the 
resolved conifold. For the mirror closed string dual version on the deformed conifold we derive, 
by computing the G3 flux induced superpotential, the A^ supersymmetric vacua and study the 
transformations of 6*3 through domain walls. The Wilsonian beta function is discussed in this 
. context. Finally, as an extension of Fischler Susskind mechanism we find a relation between the 
^ ■ tadpole and the geometric warping factors induced by the gravitational backreaction of NSNS 
. fluxes. 



1 Introduction 



The recent progress in the understanding of large N duahties [1, 2, 3] provides important 
hints for solving the mass gap dynamical generation problem in A/" = 1 supersymmetric gauge 
theories, more precisely the gaugino condensate problem. There are two complementary main 
avenues that have been worked out in the last few years. One based on holographic duals 
[4, 5, 6] where the dynamically generated scale of A/" = 1 Super Yang Mills is directly related 
to the size of some internal target space-time cycle. The other approach [7, 8] is based on 
Gopakumar-Vafa [3] large duality. The main point in this last approach is to use the large N 
duality between Chern-Simons on and topological closed strings on the resolved conifold as a 
tool to define the non perturbative contributions to the J\f = 1 Super Yang-Mills superpotential 
[9]. 

From the brane-fiux interpretation of open-closed dualities it is natural to expect that the 
closed string dual is defined by some target geometry in addition to some RR and NSNS fiuxes. 
In particular in our case of interest we will deal with the resolved conifold with extra RR and 
NSNS fluxes [7]. Our flrst interest in this paper is to understand the open string ancestor of 
the NSNS flux. We flnd that this flux is directly related to the closed string sector tadpole 
associated with the annulus amplitude of the open topological string. 

This kind of tadpoles has been considered in critical string theories from the point of view 
of Fischler-Susskind [23] mechanism as a way to modify the target space-time. However we 
can also consider this mechanism from a holographic (or non critical) point of view. As we 
will show, we can directly read the geometric warping factor induced by the gravitational back 
reaction of the NSNS flux from the tadpole, which is a different manifestation on the well known 
relation between NSNS fluxes and geometrical warping factors [10]. 

The paper is organized as follows. In section 2 we flrst review the connection between the 
non perturbative free energy of Chern-Simons fleld theory on and the non perturbative 
contributions for the A/" = 1 superpotential. We flnd that the complete derivation of the 
Veneziano-Yankielowicz superpotential for A/" = 1 requires to take into account both the non 
perturbative contribution to the Chern-Simons genus zero free energy and also the annulus 
tadpole of the open topological string. Once we have both ingredients we can identify the 
dynamically generated scale of A/" = 1 Super Yang-Mills with the IR cutoff appearing in the 
computation of the annulus tadpole. In section 3 we discuss the superpotential W from the 
closed string point of view on the mirror B model as a function of the complex structure 
parameter t of the CI3, deriving the expected N supersymmetric vacua of A/" = 1 Super Yang- 
Mills and the corresponding domain wals. Finally we discuss the derivation of beta functions. 
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2 The Gravity Dual of = 1 Super Yang-Mills: The 
Topological Approach 



The topological approach [7] to the construction of a closed string gravity dual of jV' = 1 Super 
Yang- Mills is based on the following facts: 

i) Type A topological open string amphtudes on the Calabi-Yau manifold T*S^ induce a 
F-term superpotential W{S), with S — trW"^ the glueball superfield, of four dimensional 
M —1 SYM gauge theory [15, 16]. More concretely 

j (few{s) ^ J£9J2 F^i^hs'^-^ = nJ d'O^^ (1) 

h 

where Fq'^ are open string amplitudes at genus zero and with h loops with Dirichlet 
boundary conditions on the lagrangian submanifold S^, and where we define Fq^\s) — 

Eipis) qh 

ii) Type A topological open string theory on T*S^ is equivalent to three dimensional Chern- 
Simons gauge theory on 5"^ [11]. This means that, for the Chern-Simons free energy 

^(C5)^^^(C5)(^)(^Ay-^ (2) 

9 ^ ^ 

with 



Ff^)(A) = 5]C„.A'^ (3) 

h 

and with A the 't Hooft coupling constant A = being k the level, we have 

9,h 



C9,H = (4) 



Using (1), (3) and (4) we can write 



W{S) = N 



(5) 

\=s 



A non pcrturbative contribution to W{S) in the regime A = S* small can be directly 
obtained using (5) and the exact solution for Chern-Simons theory [12, 13, 14] 



dX 

where 



(6) 



<';3(A) = y(logA-|) (7) 

This formally produce a Vcneziano-Yankielowicz (VY) [9] type of superpotential for S: 

= NS [logs - 1] (8) 
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iii) A the necessary step in order to construct a closed string gravity dual is to use the 
Gopakumar-Vafa large N duahty between Chern-Simons on and type A topological 
closed strings on the resolved conifold [3], which proposes the equivalence between both 
theories provided that the imaginary part of the complexified Kahler modulus of the 
conifold takes the value 

(9) 

iv) It was shown in [15, 16] that the closed type A topological string amplitudes Fg{t) on 
the resolved conifold X compute a four dimensional effective supergravity lagrangian for 
the corresponding compactification of type IIA string theory. From this lagrangian, one 
can see that, if there are also N units of RR flux, -Fo(^) computes an effective A/" = 1 
superpotential for the moduli superfield t. This closed string dual version of the non 
perturbative superpotential (8) is the Gukov-Vafa-Witten (GVW) superpotential [17, 18, 
19, 20]: 

W{t) = Ary (10) 

where -Fo(^) is the closed topological string amphtude at genus zero on the resolved coni- 
fold before adding fluxes. Notice that (10) is correct only if topological amphtudes are 
unaffected by the gravitational back reaction of RR-fluxes (see appendix A for a short 
discussion on this result). 

Prom i), ii), iii) and iv) we can say that concerning F-terms the gravity dual of A/" = 1 SYM 
is just type IIA closed superstring theory on the resolved conifold with fluxes turned on and 
with 

t=<S> (11) 

There are however some details in this derivation on which we want to focus our attention on 
the rest of this section. 

2.1 Scales, Renormalization Group Invariance and NSNS Fluxes 

First of all, in order to get W'^p{S) in (8) we have used the formal identiflcation 5" = A for A 
the 't Hooft couphng of Chern-Simons theory. In order to make this identiflcation consistent 
with dimensions we should introduce some arbitrary energy scale /i and to deflne 

W^"P(S) = fi^W^iX) (12) 

for A = 4- The way we introduce the scale /j, in this context is exactly the same used in 
standard quantum fleld theory in dimensional regularization [21]. From (12) we get 



WP{S) = NS 



(13) 
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The first problem with (13) is obviously that it is not RG invariant with respect to changes of 
II. The way this problem is solved for VY superpotential is in fact well known. You simply 
define 

^ ^'^^ Vr(/x)5 (14) 



log(^)-l 



/X3 



W^^{S) = NS 
is the TV = 1 

fact, using the exact holomorphic beta function [22] 



with t(/x) = i^'^^f s + iOvM is the N =1 SYM holomorphic (Wilsonian) coupling at scale In 



one can easily prove that (14) is RG invariant. 

Prom the perspective of the closed string gravity dual it is natural to look for a GVW su- 
perpotential reproducing (14). The answer suggested in [7] is that the extra term in (14) comes 
from an extra NSNS 4-form fiux. Of course, this extra NSNS flux is going to produce a gravi- 
tational back reaction that very likely is going to change the background geometry. However, 
since we are interested in reproducing (14), we maintain unaffected the topological closed string 
amplitude Fo{t) from which we have derived the flrst term in (14). Again, a discussion on this 
result is given in the appendix A. Here we want to stress that RG invariance with respect to 
changes in from which we can read beta functions, only depends, at this level of discussion, 
on the form of the superpotential that is not taking into account the gravitational back reac- 
tion of NSNS fluxes. Of course, an holographic interpretation of the RG, and the identification 
between the extra term in (14) and the extra NSNS fiux, require some identification of /i with 
some space-time coordinate. It is in this holographic identification where the gravitational back 
reaction enters into the game. We will come back to this issue in section 4. 

The whole discussion until this point can be easily presented for the mirror type B version. 
In this case we will work on the deformed conifold X* with N units of RR fiux and we will 
relate W^iS) with the GVW superpotential 

W^P{S) = / nAHRR (16) 
Jx* 

provided we identify S with the complex modulus t. The extra term in (14) can be again 
reproduced by adding extra NSNS flux, i.e. Q A {Hrji + TgH^sNs), where is the type IIB 
coupling. In section 3 we will work out in detail the GVW superpotential for the deformed 
conifold paying especial attention to the problem of domain walls. 

2.2 Open String Tadpoles and Warping Factors 

As discussed above, the derivation of the superpotential (8) only uses the non perturbative 
information of Chern-Simons gauge theory, or its corresponding closed topological string dual 






Fig.l 



on the resolved conifold. In this subsection we discuss the open string interpretation of the 
second term in (14), namely the one associated, in the closed string gravity dual, with the 
extra NSNS flux. 

Let us come back to consider open strings on T*S^. A term of type rS should formally come 
(see (1)) from the amplitude -^02*, i-e. from the annulus. This amplitude can be generically 
interpreted as a tadpole, i.e. as the one point disk amplitude for a closed string that goes into 
the vacuum (see flg.l). It is important to stress that this potential tadpole is not part of the 
perturbative expansion of Chern-Simons [3]: 



Therefore is something we have not taking into account when we have derived (13) and its 
closed string dual. 

Before going into more details let us assume that the tadpole exist. The first reaction is of 
course to try to cancel this tadpole in order to get a consistent string background. A standard 
way to do that is to use Fischler-Susskind (FS) mechanism [23], i.e. to modify the background 
metric. What we are going to suggest next is: 

i) To interpret the extra term rS in (14) as coming from a non vanishing annulus amplitude 
Fo,2 tadpole. 

ii) To use FS mechanism as a constructive procedure to derive the gravitational back reaction 
of NSNS fluxes. More precisely the warping factors. Notice that it is by this procedure 
how we are going to make contact with an holographic interpretation of the RG. 

2.2.1 The Annulus Amplitude 

The annulus amplitude we want to compute is given by [15] 




(17) 




(18) 
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where the trace is over the states of the open topological string theory defined on T*S^, L is 
the modulus of the annulus, H is the Hamiltonian of the string theory and the insertion of the 
worldsheet fermion number operator F comes from the fact that the theory is twisted. Because 
we are in a topological theory, the massive states correspond to pure BRST excitations, so 
we can ignore them and consider that the trace is only over the ground states (g.s.) of the 
topological string. This leads to 

Fo,2 = ^tr,.,. ((-l)^F) (19) 

This integral has both ultraviolet and infrared divergences that need a regulator. The ultraviolet 
divergence can be regulated simply by introducing a cutoff in the lower limit of integration in 
the L-integral. The infrared divergence is regularized by introducing a sort of mass gap in the 
Hamiltonian of the theory, so we get 



0,2 



^^jg-Wa' (20) 



where NJ — trg,s,{{—l)^ F) is a factor depending on the particular open topological string we 
are considering. Thus, Fo,2 contribution to the supcrpotential becomes 

2JNS\og f 41 (21) 



from which we derive the supcrpotential 

W{S) = NS 



log|^l-l 



+ 4Ar Jlog (^) S (22) 



which is just the VY supcrpotential for A/" = 1 SYM^. The tadpole J can be fixed from (22) 
by imposing invariance with respect to jj,. In this way we observe that the stringy scale 
becomes precisely the expectation value < 5* > for the glueball superfield. Recall that the 
identification of the annulus, on the one hand with the gauge coupling, and on the other hand 
with the NSNS fiux, agrees with the usual relation between qym and NSNS flux proposed in 
the context of the gauge/gravity correspondence^. 

2.2.2 The Fischler-Susskind Mechanism and Holography 

At this point the reader can wonder on the meaning of the stringy scale m in standard string 
theory. Recall that this scale comes from the way we regulate the loop string amplitude Fq 2 in 



^Notice that we are free to identify the energy scale inside the log in (13) with the UV regulator of the 
annulus. 

^See, for instance, [24] for a nice review 
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the IR. As it is well known [23], loop string tadpoles induce a renormalization of the background 
metric 

9l. - 9% + RUog (£) + J7VA.log (£) gl (23) 

where the first term in (23) comes from the worldsheet sigma model renormalization and As 
is the string coupling constant. The condition of fixing the string beta function equal to zero 
leads from (23) to string backgrounds with a non vanishing cosmological constant proportional 
to the tadpole. The scales ji and m are hidden. On the other hand, here we suggest a different 
interpretation of the tadpole that consists on treating it in a non critical holographic way 
[25, 26]. In this interpretation we associate in (23) with a holographic coordinate and we use 
the tadpole to induce a geometrical warping factor. 
Let us start with a ten dimensional metric of type 

dsl^ = h-^/\l^)dxl + h^/\i^)dsl (24) 

and let us take for the internal six dimensional Calabi-Yau manifold the singular conifold metric 
[27] 

dsl = dr^ + r^ds^i,! (25) 

Thus 

h'/^dsl = h'/^dr^ + h'/^rVj.,,, (26) 

Our ansatz is 

h'/^r^ = a'JNXslog ( ^) (27) 
\m/ 

Notice that r'^h}-/'^ defines the geometrical warping of the lagrangian submanifold we are 
using to define the open topological string amplitudes. Moreover, the ansatz (27) defines a 
relation between the holographic coordinate // and r. 

(27) is, in certain sense, not surprising. We can see it by considering the explicit example of 
the KS solution [4] in the limit in which the deformation of the conifold is small. In that limit 
the solution is valid far from the apex of the cone, where the gauge group is not SU{N), and 
can be approximated by the Klebanov-Tseythn (KT) solution [28] , which has a warping factor 

hfr(U)^.i.^^{lo,^f (28) 

where U = ^ is the holographic coordinate^ and Uq is a regulator related to the deformation. 
The result (27) is exactly the warping factor we could obtain if we were able to extrapolate 
(28) to the zone U ~ Uq, where the gauge group is SU{N), 

^Remember that [4] works in the limit a' — > 0, J7 fixed 
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provided the identifications // ~ C/, m ~ C/q- 

In summary, the moral of this exercise is to show that the gravitational back reaction 
of NSNS fiuxes can be interpreted, once we associate these fiuxes with the one loop string 
tadpoles, as a generalized form of the FS mechanism. In this interpretation the dynamically 
generated scale of the dual gauge theory is related to the IR cutoff m we have introduced in 
the regularization of the tadpole. 

3 VY Super potential and the Deformed Conifold 

In this section we will consider type IIB closed strings on the deformed conifold X* 



with non vanishing G3 — Hrr + TsHnsns flux. The induced GVW superpotential should be 
given by 



The target of this section is to provide a detailed discussion on the following three issues. 
First of all the relation between (31) and VY superpotential for A/" = 1 SYM. Secondly to work 
out explicitly the different supersymmetric vacua and the corresponding domain walls. Finally 
we will discuss the derivation of beta functions. All of those issues has been worked out in 
references [19, 29, 30, 8, 31, 24, 33, 34]. We will focus our attention on those aspects that we 
believe require still some further analysis. 

3.1 The Superpotential 

Let us take for the deformed conifold a canonical homology basis of three cycles (^1*^, A, B^, B). 
If we neglect the contribution coming from and B^ we get from (31) 



4 




(30) 



a=l 




(31) 




(32) 



where Vt is the holomorphic 3-form 




(33) 



with 



4 




(34) 



a=l 
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which leads to 

^_ 1 1 dzi A dz2 A dzs , , 

In terms of coordinates (p, ip, 9i, 0i, 6*2, ^2) introduced in appendix B.l, the cycles A and are 

A: p = e (36) 

^ = 0, e, = e2, 01 = -02 (37) 

Since the deformed conifold is non compact, the cycle B is non compact. This implies that 
we need to introduce some cutoff pc for the coordinate — Yla=i ^aZa in order to compute W. 
In terms of the cutoff Pc we define 



and 



4(27rQ;')^ 

^2 



The parameters </> and 0° can be used as projective coordinates on the moduli space of complex 
structures on X*, thus we can define t = as the complex moduli coordinate. 
For the cycles we get (see appendix B.2) 

/ n^2ni(f) (40) 

J A 

and 

where the prepotential F{(f)^,(f)), given by the genus zero amphtude of the type B topological 
string theory on X*, is an homogeneous function of degree two which does not depend on the 
back reaction of the fluxes. Notice that the result (41) is different from the one in [24, 33, 34]. 
The reason is that we have used a different cutoff in the computation of the integral (B.14) 
After adding N units of RR flux 

'' Hrr^N (42) 



L 



we get the superpotential 

W^-'-Ln (43) 

with ^ given in (41). 

An interesting output of the analysis of section 2 is that, if we want to identify (43) with 
(13) by using 

~< 5 > (44) 
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which is the mirror of (11), the cutoff (fP has to play the role of the //-scale. Of course, in 
order to make contact with VY superpotential we need to work in the region <^ 0°, in which 
the deformed conifold is local mirror to the resolved conifold and in which we can neglect the 
higher powers of S in (1). Only in this region we can safely identify W , as given in (43), with 
the F-term superpotential (13) of four dimensional J\f — 1 SYM. In this region, we get from 
(41) 

+ 01og^ (45) 

Let us now add the NSNS flux on cycle B: 



G3= Hrr+ TsHnsns (46) 

B JB J B 

Again, due to non compactness of the B cycle, (46) is a function of the cutoff coordinate (fP. 
Let us denote (46) formally by ^^^^ -* . In these conditions we get 

dF 

W = + M{(tP)(t> (47) 

The identification M ~ r of section 2 is the standard one in the gauge-gravity correspondence^ 
Ir I H I H 47ri _ M(0°) 

^ J^RR + T^s / J^NSNS ^ 2 77n\ ~ o ■ 

Jb Jb Jb 27r gYui'P") 27rz 

from which we obtain 

3.2 Supersymmetric Vacua and Domain Walls 

Once we have computed the superpotential, we turn our attention to the supersymmetry of 
this closed string background. Since we have fluxes, in order to preserve M —\ supersymmetry 
in four dimensions, the complex structure t must be such that for the corresponding Hodge 
decomposition Go,3 = G\^i — 0. These conditions can be easily derived from W — dtW = 0. A 
concrete example is (see appendix B.3) the Klebanov-Strassler (KS) supersymmetric solution 
[4], although we want to remark that this background is not exactly the gravitational dual of 
pure Af ^ 1 SYM with gauge group SU{N), but the dual of a SU{N + M) x SU{M) gauge 
theory which suffers a cascade of Seiberg duahties. At the bottom of the cascade we are left 
with an SU{N) gauge theory but, in order the cascade steps to be well-separated, one has to 
impose that XgN <^ 1, which corresponds to a regime at which the supergravity approximation 
^(48) can be also obtained by using a probe brane in this background 
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is not valid. The KS solution corresponds to a vacuum of the gauge theory at which the G3-form 
is of (2,1) -type, and, therefore, W — 0^. 

But this is not the whole story. In fact, if we want to preserve supersymmetry, we must 
impose 

DtW = dtW + dtKW = (50) 
where K is the Kahler potential of the moduli space of complex structures on X* 

K = -log / Q A Q (51) 
Jx* 

By solving (50) we get, in the limit of small t, the following set of N vacua 

~ 2(tPe ^ " (52) 

with n = 0,l,...,A^— 1. By using (44) is clear that these N solutions correspond to the N 
vacua of AT = 1 SYM (the vevs of S). 

Since in (52) we have obtained different vacua, we expect domain walls with tension given 

by 

AW = [ nA{Gi-Gi+^) (53) 
Jx* 

where Gl represent the different three forms at each side of the domain wall. Because X* is 
a non compact Calabi- Yau manifold, the cohomology representative of a domain wall, which 
classify changes of G3 in crossing the domain wall, lives in H^p^{P^, Z) (cohomology with compact 
support). The non- vanishing of (53) means that, although W — dfW = on one of the vacua, 
there are other vacua at which W is different from zero. Moreover, since every vacua satisfy the 
condition (50), a non vanishing value of W is only possible if dtW is also non vanishing. This 
means that the G3 form on different vacua gets non vanishing (0,3) and (1,2) components. 
The issue we would like to discuss now is how, by starting with a supersymmetric vacua with 
Gg^ — ^ = 0, we get (0, 3) and (1,2) components of G^ when we cross a domain wall. In 
other words we want to find the relation between the different complex structures associated 
with the N supersymmetric vacua. 

To do this, let us take a transformation ip ^ t/j + St/j, which is the gravity dual of a U{1)r 
transformation in the gauge theory. Clearly, the periods over A are not modified, but the ones 
over B are. In particular, for pc ^ e, Hjir — J^j C2 — > Jg2 C2 + ^^i^- Since the geometry 
far from p — e has the isometry ^0 — > -|- and since C^. is a periodic variable with period 

^Since 27ri0 /g tends, in the Klebanov-Strassler solution and for ^ 1, to iV^log^, we observe that 
the superpotential (43) we have obtained is equal to and then, it does not vanish. We think this happens 

due to the fact that we neglect the contribution coming from A° and which has to be proportional to the 
cutoff (fP we have put. In the following, we will neglect the term (jfi in (45) 
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1, only the transformations St/j — — with n e Z, preserve the background at infinity. This 
fact is a manifestation of the anomaly in the U{1)r symmetry. If we take into account the fact 
that the whole background is invariant under — > — 27r, we conclude that only the subset 

; n = 0,l,...,7V-l (54) 

change the system while preserving the conditions at infinity. These are the transformations 
that [29, 30] propose to be the ones corresponding to crossing domain walls. This assertion is 
compatible with our result, because the transformations that lead from one vacua to another 
one in (52) are equivalent to Za e~T^ Za, which, at the regime ^ 3> 1 we are working, are 
also equivalent to (54) (see appendix B.l). 

As discussed in the appendix B, after one of the transformations (54) is done, and if we 
introduce the coordinate r as 

coshr = l/t (55) 
we get a change in the complex structure 

sinh (r + zf) sinh (^f ) 

Then, G3 is no longer a (2, l)-form and, therefore, W ^ Q and dtW 0. In fact, whereas G3 
does not change under (54), G3 — > J^G^ + n. This is equivalent to say that G3 changes in 
cohomology 

G3 -^G3 + n[A] (57) 

(notice that [^4] is the only generator of i?^^(/3^,Z)) which implies that the superpotential 
changes into 

W^W + n [ n (58) 

J A 

The tension of the domain wall is therefore proportional to 0, as expected. 
3.3 The Renormalization Group 

We are now located at a point suitable on order to clarify an issue concerning the papers 
[35, 24, 33], where a computation of the UV running of gyjy^ for pure M = 1 Super Yang-Mills 
is carried out from the KS solution. The question is why they obtain the correct running by 
working in a regime {XgN ^ 1) at which the warping factor makes the solution to be not valid. 

Let us first summarize the approach we have follow in order to get information about beta 
functions of A/" = 1 SYM from the closed string gravity dual. We first use the deformed conifold 
with A^ units of RR fiux. We introduce a cutoff 0° in the computation of the superpotential 
and we work in the regime <C 0" where the deformed conifold is local mirror of the resolved 
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conifold. In this regime powers of S in the superpotential (1) are neghgible and we expect to 
have M — 1 SYM with N the rank of the gauge group. Next we add NSNS fluxes that we 
interpret as 

= ^ / H^sNS (59) 

The running for is obtained by impossing to the superpotential invariancc with respect 
to the cutoff (jp. Notice that in this approach we do not need any information on the gravita- 
tional backrcaction of NSNS fluxes or equivalently on the geometrical warping factors. By this 
procedure we get 

^ ^ Mog?^ (60) 

9ym (P 

which is the one loop beta function once we use the identification 

which appear naturally in the above discussion. By this procedure we get from the superpo- 
tential the expectation value 

which is the correct value if we think of Qym (62) as the Wilsonian coupling constant gwil^) 
of (15)®. Thus we must interpret (59) as 

—9- = 1" / ^NSNS (D-jj 

gw J 

For the effective coupling constant the right value for < 5 > is 

\<S>\^n'—^exp--^ (64) 

which leads to the NVSZ exact beta function [36]. Quite surprisingly, in [35, 37, 24, 33] the 
exact NVSZ beta function for pure J\f = 1 SYM is also derived from the KS gravitational 
background. 

Obiously we can always look for a change of variables /i — >• 0°(/i) such that 

glffif^) = 9wiAf^)) (65) 
Defining ^ = coshr the map 0°(//) solving (65) is given by^ 

T 

2^ = 

The change of variables /i — > 0°(/x) must be the holographic analog of the change from holo- 
morphic to canonical variables in the gauge dual theory. 

^Taking into account more powers of t only gives contributions to the Wilsonian beta function (1) that goes 



like powers of e ""^'m 

^This relation was first proposed in [35] inspired by [32] 
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Appendix 



A Topological Free Energy in presence of RR Flux 

In this appendix we will sketch the proof of the independence of the topological free energy 
when we turn on RR fluxes. We will do that in a c = 5 model that, for the set of amphtudes 
that we are considering, is equivalent to the critical RNS superstring [38, 39, 40] . 
The action for the topological model is 



/ 



d^zipjr" + p^df^ + ^dx'^dxj + (A.l) 



where x"^ are bosons and Pa^T''^ are space-time fermions (in four dimensions). Sc is the action 
for a superconformal field theory associated with a Calabi-Yau six dimensional manifold. 

This formulation presents a iV = 2 (twisted) superconformal symmetry. The generators can 
be written 

T = p^dr'^^ldx'^dxm + T, (A.2) 

G+ = r«9x"+ + G'+ (A.3) 
G- = + (A.4) 

J = ry^ + Jc (A.5) 

for the left-moving side and the same but using barred variables for the right-moving side. 
For our purposes we need two kinds of vertex operators 

1. Graviphoton vertex operators 

R{x,T,f) (A.6) 

where 

Fal3 = <9^+<9^+i?|r=r=0 (A. 7) 

is the self-dual graviphoton field strength and 

Rap-yS = da+di3^D^DsR\T=f=o (A-8) 

is the self-dual Riemann tensor ^. Note that this vertex have no Calabi-Yau dependence 
and that the four dimensional part of the model is simply the c — 2 self-dual string. 

2. Chiral vertex operators 

^{x,T,f)a (A. 9) 



^d^0 = cr'^^dm as usual 
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a (in the IIA case) is an element of cohomology with +1 C/(l)c charge, a can be asso- 
ciated with a cycle in i?(i,i) {X) where X is the Calabi-Yau. $ live in the cohomology. 
$1^=^=0 = ^ is a chiral modulus of the Calabi-Yau, and D aP fi'^\r=f=Q is the self-dual RR 
flux associated with the modulus. Note that because we are considering chiral vertex 
operators associated with elements of this correspond to turn on RR flux for 

the two-form of IIA. This last identification is quite technical and comes from the precise 
relation of the formalism that we are considering and the standard RNS string (see [41] 
for precise details). 

On this model we have that genus g scattering amplitudes take the form 

^g,M = (I y ^ii y yUiG" . . . y m^g-Z^U J fisgs+MC'l^Vi . . . Vm) (A. 10) 

where /i are the Beltrami differentials and m the moduli parameters. Looking at the scattering 
amplitudes you can see that for U{1) charge conservation we have the selection rule 

5(1 - ^) = Ji + ... + Jm - (3^ - 3 + M) (A.ll) 

in order to have a scattering amplitude different from zero. Ji are the different U{1) charges of 
the M vertex operators inserted, so 

2g -2 + M ^ Ji + ... + Jm (A.12) 

is valid for left and right U{1) charges. 

Let us consider amplitudes with M — 2g chiral vertex operators inserted and 2g of the 
graviphoton type. This implies that 2 units of U{1) charge must come from the 4d sector. The 
form of the 4d part of the U{1) current implies that the charge comes from rf zero modes. 
Let us choose 2g of the Beltrami differentials and moduli as the locations of the graviphoton 
vertex operators. Then amplitudes take the form 

A,M = {\ J J >^^'^c---J ^g-3+M J Hg-3+MG~\'^ (A.13) 
$1(71 . . . $M-2g(JM-2g y (f ZiWi . . . J Z2gW2g) 



where 

W 



J G~ J G-R{x,T,f) (A.14) 



Note that (3 — 3g) U{1) charges are needed for the internal sector so only contributes in 
J iJ,G~ . Note also that the vertex operators we are considering here are chiral primaries of the 
c — 5 theory (living in G~^ cohomology and having only single poles with G~ ) . 
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The condition of chiral primarity for a general vertex operator is that a have to be a primary 
of the 6d theory and 

^ -a,4.$ = (A.15) 



dr. 



a 



^-d^+R = (A.16) 



But this condition is not needed in the amphtudes considered above because only the 6d part 
of G~ contribute due to the selection rule. The condition of "decoupling" of the 4d part of G~ 
is also necessary to prove the space-time supersymmetry of the amplitude. 

We want now to extract the corresponding 4d F-terms associated with this amplitude. In 
order to do this we have to integrate over the zero modes of the x, r, f fields and use the 
graviphoton vertex to absorb the p zero modes. We need to remember that the rf component 
of it! is the self dual graviphoton field strength Fap. By using this, the amplitudes take the 
form 

Ag,M = J d'^xd^rd^f^i . . . ^M-2gFi ...F2g (A.17) 

(I y mi y niG^ ...J mg-3+M J iig-z+MG~\^ai . . . aM-2g)c 

so the associated F-terms look 

/n..iM-2« j d^xd^rd^f^i . . . ^M-2gFi ...F^g (A.18) 

where / depends only of the = 2 , c = 2 theory. This is an example of factorization of the 
amplitudes into 4d and 6d parts. If the 6d amplitudes can be defined in terms of a prepotential 
that depends of the Kahler moduli (in the IIA case) or the complex structure moduli (in the 
IIB case) Fg{ti) then 

fh,-iM-2, = di... dM-2gFg (A.19) 

In conclusion we have obtained that by turning on the RR flux on 2-cycles of the Calabi-Yau 
(so turning on the RR 2-form of the IIA superstring) we generate F-terms in the four dimen- 
sional effective action that can be computed in terms of derivatives of the topological string 
amphtudes on the Calabi-Yau. This proves the independence of the topological amphtudes 
when we turn on 2-form fluxes. The same thing works for NSNS fluxes associated with the two 
form (that appears as imaginary parts of the IIA superstring 2-form) . In the case of IIA four 
forms and six forms, the F-term cannot be written in terms of derivatives of the topological 
amphtude (see in [7] the concrete structure of the F-terms associated to these kind of fluxes) . 
Therefore, turning on this 4-form and 6-form fluxes does not modify the F-term generated by 
the 2-form. 
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B Deformed Conifold Geometry and Klebanov-Strassler 
Solution 



B.l U(l) Transformations on the Deformed Conifold 

The deformed conifold X* is a non-compact Calabi-Yau threefold defined by [27] 

a=4 
a=l 



(B.l) 



which is smooth provided that e 7^ 0^. Differently from its singular limit X", given by e = 0, 
does not have the continuous symmetry U{1) : Za e'^^Za, with ^ G [0,27r). The only 

subgroup that survives after setting e 7^ is Z2, generated by ^ = vr. 

By splitting Za into its real and imaginary parts Za = Xa + iya one can see that X* ^ T*S^, 

where the 3-cycle S^, which we call A, is given by ya = 0. We take as the non-compact 

coordinate 

„2 



a=4 



(B.2) 



a=l 



Then p > e. The sections p = cte ^ e have the topology S'^ x S"^. Another useful coordinate is 
r, given by 



coshr 



For the whole Calabi-Yau we use the parametrization 



Z^ + iZ4^ Zx - iZ2 
Zi + iZ2 —Z3 + iZ4 



a —b 
b a 



e • 62 
e • e~2 



k -J 
I k 



(B.3) 



(B.4) 



where 



a = cosf et^^i+'^i) 
6 = sinfe^('^i-'^i) 
A; = cosfet('/'2+<^2) 
/i = sin%e5('/'2-02) 



(B.5) 



having, in addition to (B.2), the coordinates 



(f)i e[0,2n), i = l,2 
V' = V'l + V'2 e [0, 47r) 



(B.6) 
(B.7) 
(B.8) 



since ■0i € [0,27r). It is easy to see that, whereas for the transformation Za — > is the 
same as the transformation i/j ^ t/j + St/j, provided that A-^ — St/j, ior X* the relation between 
^We take e to be real 
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both transformations is no longer straightforward. This imphes in particular that, under 



(B.9) 



all the Za changes in the way 



sinh (t + i^) _ sinh (i^) 



sinhr 



sinhr 



(B.IO) 



One can see that after this transformation is done, the A-cycle, which is given by (36), is the 
same as before, whereas the S-cycle (37) changes to 



B 



i> = -Sip, 01 = 02, 01 = -02 



(B.ll) 



B.2 Computation of the Periods 

For the A-cycle we have 

dzi A dz2 A dz3 



1 1 

Ani {2'Ka'y 



A \/e^ - zl- zl- zl 



dxi A dx2 A dxs 



+ 



Re[-e,0] 



dxi A dx2 A dxs 



^2 I ^2 I ^2 
uj-^ ~I~ '^2, ~r 3* 



where R = 

On the other hand, since (37) implies that 



B : 2/1 = 0, X2 = 0, 2/3 = 0, 2/4 = 



we have 



-—! 

Am {2'Ka'Y Jw^ 



dxi A dxs A dx4 



^ x'l x\ 



20 



20 



20 



where R' = ^/xl + xl + x\. 



(B.12) 



(B.13) 



(B.14) 



B.3 G3 Flux in Klebanov-Strassler Solution 

The Klebanov-Strassler solution [4] is the closed string background R^'^ x X* warped due to 
fluxes coming from N D5-branes, which we had on the open string side of the duality, wrapped 
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on the collapsing S"^ of the conifold. 

ds^ = h-^/\r)r]afidx''dx'^ + h^/\T)dsj^. (B.15) 
Hnsns = ^d[{f{r)ig'Ag') + kir)ig'Ag'))] (B.16) 



H 



RR 



87r2 
N 

8^ 



A {g' Ag' + g'Ag')+d(^ (^F{t) - \^ {g' A g' + g' A g' 



A 



[B.17) 



A 

F, = ^5 + *^5 , ^5=-^^^(t)^'a/a/a/a^5 (B.18) 
A, (B.19) 



dsx* is the deformed conifold Ricci-flat Kahler metric [27, 4] and 

^, , sinh T — T , Tcothr— 1, , . ,^ . 

F r = — — , / T = coshr - 1 B.20 

^ ^ 2sinhT ^ ^ 2sinhr ^ ^ ^ ^ 

, , , r coth r — 1 , , , , ^ , , r coth r — 1 , . , ^ ^ , /-.^ s 

A; r = (coshr + l) , £(t = ^ sinh2T-2T (B.21 

^ ^ 2sinhr ^ ^ ' V y 4sinh2r ^ v v y 

/i(r) = (A,iVa')'22/3e-s/3 rfa;^^^^^^f^(sinh 2x - 2x)V3 (B.22) 

sinh X 

De 1-forms are defined by 

el ^2 ^4 ^1 _|_ ^3 ^2 _i ^4 

* =^'« =^'« =^'« i^-^^* 

where 

= — sin ^ici^i , = ci6'i , = cos ^0 sin ^20^02 — sin i/;d92 

= sin sin ^2C^02 + cos ■0c?^2 , — dt/j + cos + cos ^2C^02 (B.24) 

For this solution = Hrr — j^Hnsns has periods 

Gs =J^Hrr =N (B.25) 

f if N N 

J^Gs =J^Hrr --j^H^sNS^^c+ — [f{T,)+g{T,)] (B.26) 

being B the compactified S-period of (37) and c an arbitrary constant. As it is proved in [42], 
Gs is a (2, l)-form. Expressed in terms of the obvious 1-forms on the deformed conifold: dza, 
dza, a = 1,2,3,4 [30]: 

N rsinh(2r) -2r , _ , 
STT^smh T [ smhr 

+2 (1 - T coth r) {eabcdZahdZc A dza) (zedZe)] (B.27) 
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Let us analyze the consequence of changing the 2-cycle where the initial D5-branes are 
wrapped, in such a way that for that cycle — ipo instead of being zero. The Klebanov- 
Strassler solution would be modified, in the sense that all the forms that appear in the fluxes 
change 

9' - (B.28) 

One can see that, after the transformation is done, (B.25) does not change, but (B.26) does 

r N 

HRR = —[c-i^o- {2F{n) - 1) sin V'o] (B.29) 
Jb ^tt 

where we have taken for B the cycle (37). By applying (B.IO) with St/j — — ■0o to (B.27), it is 
easy to see that the transformed solution has a G3 which picks up (0, 3)-form, (3, 0)-form and 
(1, 2)-form components that, although are negligible at large r, are different from zero. 
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